Besov spaces of harmonic functions on the unit ball of R n are defined by requiring sufficiently high-order derivatives of functions lie in harmonic Bergman spaces. We compute the reproducing kernels of those Besov spaces that are Hilbert spaces. The kernels turn out to be weighted infinite sums of zonal harmonics and natural radial fractional derivatives of the Poisson kernel. 
Introduction and preliminaries
Let B and S be the unit ball and the unit sphere in R n with respect to the usual inner product x ·y = x 1 y 1 +· · ·+x n y n and the norm |x| = √ x · x. Always n 2, and we often write x = rξ , y = ρη with r = |x|, ρ = |y| and ξ, η ∈ S. We let ν and σ be the volume and surface measures on B and S normalized as ν(B) = 1 and σ (S) = 1. We always take q ∈ R, and define on B also the measures dν q (x) = N q (1 − |x| 2 ) q dν(x). These measures are finite only for q > −1 and then we choose N q so as to have ν q (B) = 1. For q −1, we set N q = 1. We denote the Lebesgue classes with respect to ν q by L p q , and we always consider 1 p < ∞. We let h(B) denote the space of complex-valued harmonic functions on B, those annihilated by the usual Laplacian , with the topology of uniform convergence on compact subsets of B. 
where x ∼ y means that |x/y| is bounded above and below by two positive constants. The rest of the material in this section is classical and can be found in [1, Chapter 5] or [11, Chapter IV] . For m = 0, 1, 2, . . . , let H m denote the space of all harmonic homogeneous polynomials of degree m. By homogeneity, a u ∈ H m is determined by its restriction to S, and we freely identify u with its restriction. The restrictions are called spherical harmonics. Our main results are given in Section 3. Detailed proofs and further results will be presented elsewhere. 
Harmonic Bergman spaces and kernels
which also defines γ m (q); see [9, Proposition 3] ; also [6, p. 25] , [8] , and [1, pp. 156-157] for q = 0; and [13, p. 357] for n = 2; and also [2, (3.1)] for integer q. The kernels R q converge absolutely on B × B, and uniformly if one variable lives in a compact subset of B. Therefore the R q are symmetric in their variables and harmonic as a function of each. The computation yielding R q is valid only for q > −1, but R −1 also perfectly makes sense and is nothing but the homogeneous extension of the Poisson kernel P to B × B since γ m (−1) = 1 for all m. In fact, the coefficients γ m (q) make sense down to q > −(n/2 + 1), and for all such q, they satisfy
by (1) . With smaller γ m (q), the infinite sums in (2) for q −1 have at least the same convergence properties on B × B as those for q > −1. Since γ m (q) > 0 for all m and q > −(n/2 + 1), and the Z m are positive definite kernels, by convergence we conclude that R q given as in (2) is a positive definite function, and thus is a reproducing kernel and generates a reproducing kernel Hilbert space on B for all q > −(n/2 + 1). All the references cited in the previous paragraph restrict themselves to q > −1 or so. The point of view of getting from kernels to spaces apparently has never been utilized before.
Harmonic Besov kernels and spaces
Our purpose now is to extend the kernels R q even further to all q ∈ R. The main idea is to replace the coefficients γ m (q) of Z m in R q by new γ m (q) that preserve the growth rate of (3) for q −(n/2 + 1) as well. 
It seems the kernels (4) for q −(n/2 + 1) are completely new here. Note that γ 0 (q) = 1 for all q and (3) is satisfied for all real q by (1) 
Condition (5) Harmonic Besov spaces are studied in [4] [5] [6] [7] [8] in the generality of Definition 3.5, but recently only smaller subfamilies are considered such as with q = −n or t = 1 or both; see [3, 10, 12, 14] . 
by orthogonality. We also see that this computation of c mk is independent of r ∈ (0, 1). 
